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Abstract 

The characteristic polynomial of a graph, which traditionally is written down in 
descending powers of X, can also be expressed in the mathematicaUy equivalent 
form of a linear combination of the characteristic polynomials of linear chains, and 
orten this expression is a simpler one. Investigation of the first few coefficients 
reveals that in this form the even ortes are of smaller magnitude because they are 
more closely related to the cyclomatic number of the graph. On the other hand, the 
early odd coefficients are the same or are more complicated in composition. 

1. Introduction 

The characteristic polynomial  is a well-known graph invariant that  has a number  

o f  applications. For  a graph o f  n vertices, it is commonly  deffmed as ( -  1) n • lA - X I I ,  

where A is an adjacency matrix,  and I the unit  matrix.  References [ 1 - 2 2 ] ,  selected 

from many,  give an introduct ion to the nature and properties o f  this polynomial .  

The coefficients o f  X i (i  = 0 . . . n) can in principle be evaluated by  counting 

appropriate subgraphs [3] ,  although in practice this is a tedious and unwieldy pro- 

cedure if there are more than a few vertices (atoms) an d, judging by  the sparsity o f  
published computer -or iented  algorithms using this method ,  it is one that  is not  easily 

mechanised. 
The relationship between these coefficients and certain subgraphs means that  

some properties o f  a given graph can be deduced by inspecting its characteristic poly- 
nomial alone, although it contains less informat ion ( for  more than one graph may  
have the same characteristic polynomial) .  In general though,  it is difficult to recon- 
struct  a graph, or set o f  isospectral graphs, from a given arbitrary characteristic poly- 

nomial. 
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When it is possible to interpret a particular coefficient in terms of rather simple 
stmctural features than can readily be perceived in a graph, it becomes of interest as, 
for example, a potential topological index or a concise storage code for selected 
information. With the exception of the rinal term, which in certain cases gives just 
the algebraic structure count [ 12], this tends to become more difficult as the exponent 
of  X decreases. General results for the terms in X n. . .  X n - 4  (coefficients a o . .  • a4) 
have been reported [6 -8 ,12 ,14 ,16 ,20 -22 ]  and a few others of restricted validity. 
Among the best known relationships are that the value of al equals the sum of any 
vertex weights; that - a2 gives the number of edges of an unweighted graph; and that 
-a3/2 gives the number of 3-membered rings present [12]. 

An alternative, and mathematically equivalent, way of expressing a character- 
istic polynomial is as a linear combination of  the characteristic polynomials of linear 
chains. These are each denoted by L i ( i  = 0 . . .n  for an n vertex system), and are 
Chebyshev polynomials in X / 2 .  This notation is useful and economic, and has been 
in occasional use for many years (e.g. [13 ,15 ,19 ,23-27]) .  The two schemes 
may be exemplified by butadiene ( C P  = X « - 3X 2 + 1 or L4) and cyclobutadiene 
( C P =  X « - 4 X  2 o r L « - L 2 - 2 ) .  

These L i terms are often observed to have coefficients which are smaller than 
those of  the corresponding X i terms. The information contained in the polynomial 
as a whole must be the same no matter how the polynomial is expressed, but its 
distribution can differ. The general topological dependency of this form has been 
analysed and commented on [25]. This paper briefly examines a possible interpreta- 
tion of some of the L i coefficients, particularly in the light of recent work by Dias 
on the traditional characteristic polynomial [16,20- 22]. It should be noted, however, 
that the L i notation does not always give a simpler expression [28]. 

Although for manipulative purposes a graph and its characteristic polynomial 
can often be treated interchangeably, it is as weil here to make a distinction. The 
Chebyshev expansion provides an alternative way of viewing the stmcture of the 
polynomial: as a combination of  L i terms, each representing the characteristic poly- 
nomial of  a chain. However, whereas the sum of two polynomials has an obvious 
meaning, a sum of two graphs does not. This is in contrast to a p r o d u c t  of character- 
istic polynomials or of  graphs, where neither concept causes difficulty (the latter is 
a disconnected graph). 

It follows that reformulation of a characteristic polynomial in terms of its 
Chebyshev expansion does not in itself help to illuminate a structure in the same way 
that, say, a knowledge of  how many 3-membered rings are present does. (It may, on 
the other hand, be useful as a means of  comparing and classifying structures and their 
felationships.) The question considered here is why the L i coefficients are often 
smaller than those of X i, and whether they are any more or less useful. In fact, it is 
found that the relative simplicity of some even coefficients in the L i form arises 
because in each case some "cancelling out" of edges and vertices through Euler's 
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relationship occurs, so giving numbers which are related more intimately to a ring 
count than to edge or vertex counts. Apart from this heavy and repeated dependence 
on the ring total, the coefficients investigated here do not provide fresh information. 

2. 

and 

Results 

The two forms of  the characteristic polynomial can be written as 

X n + a 1 . X  n - 1  + a 2 . X  n - 2  + a a . X  n - 3  + . . .  + a n _  1 . X  + a n 

L n + Zl  " L n _  1 + z 2 " L n _  2 + z a ' L n _  a + . . .  + Zn_ 1 "L1 l ' z  n . 

The coefficients of X n and L n are always 1 by definition, and the values of  
X ° and Lo, which are not shown, are also 1. 

Each L i t e r m  in the L n sequence refers to the characteristic polynomial of  a 
chain, which has the known form [2] : 

n/2 ( n ) - m  
Ln = Z ( - 1 ) m  x n - 2 m  

m = 0  m 

Pairs of  coefficients (a i and zi) can be related by expanding terms in the L n 
expression and summing like powers of  X. From the fact that L n has by definition no 
term in X n - x, it follows that zl = a l ,  and so 

zl = sum ofvertex weights, if any. (1) 

The two forms of  the 2nd coefficient can be related by the equation 
z2 = a2 - b2, where b2 is the 2nd coefficient of  Ln, and a2 is known to be 
minus (number of edges) [6,12].  Thus, z2 (in agreement with ref. [25]) gives a ring 
count [29] rather than an edge count for the graph (the expression has additional 
terms if weighted edges are present [12]): 

z2 = - R  (where R is the cyclomatic number [29]). (2) 

For the 3rd coefficient, if no vertex is weighted, the two coefficients z3 and 
a3 are identical, and give the number of  3-membered rings. Otherwise, a second term 
is present: 

z3 = Za" ( n -  2) - 2r3 . (3) 
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[16] ,  

For  the 4th coefficient  o f  an unweighted system, use of  Dias' recent formula 

a4 = (q2 _ 9q + 6n) /2  - 2r4 - oi - 04 - 3Os - 606 - 10o7 - . . .  

(q = no. of  edges; v i = no. of  vertices o f  valency i; r4 = no. of  4-membered rings 
present) gives 

z4 = [(R - 1 ) (R  - 4 ) ] / 2 -  21"4 - -  0 1  - -  0 4  - -  3 0 s  - -  6 0 6  - -  10vv - . . . .  (4) 

By c o m p a r i n g t h e t e r m  [ ( R -  1 ) ( R -  4 ) ] / 2 w i t h  [q2 _ 9 q +  6 n ] / 2 ,  i t c a n  
be seen that the L 4  coefficient will be smaller than a4 for a given system size. The 
expression [(R - 1) (R - 4 ) ] /2  provides no new information and can be evaluated 

as [(z2 + 1) (z2 + 4 ) ] / 2 ,  constant for a given number  o f  rings, and equal to 2 for all 

trees. As with a4, among trees of  maximum valency 4, z4 depends only upon the 

number  o f  vertices of  degree 1 and 4. 

The 5th coefficient  as is related to the number  of  3- and 5-membered rings 

present, hut  does not  appear to have beën writ ten in a completely general form [21] .  
Summing appropriate coefficients gives 

zs = as + 2 r 3 ( 4 - n )  + z l ( n  2 -  5n+4)/2,  (5) 

which differs from as only in information repeated from earlier coefficients. 

There is no general formula for a6, but  

a6 = _ (qa _ 27q2 + 146q + 36)/6 - n ( 3 q  - 22) - no - 2 r 6  

for benzenoids [16] ,  

where r 6 gives the number  o f  hexagons and n o the number  o f  bay regions. From this 

Z 6 = - -  (R a - 15R 2 + 80R) /6  - (n + 3) - no forbenzenoids .  (6) 

So for this type of  structure, the principal difference between the two forms is that 
the cubic function within z6 relates to the ring count ,  whilst in a6 it is to the edge 
count ,  so that z6 is smaller and easier to evaluate. 
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